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Abstract

A coupled Legendre-Laguerre spectral element method is proposed for the Stokes
and Navier-Stokes equations in unbounded domains. The method combines advan-
tages of the high accuracy of the Laguerre-spectral method for unbounded domains
and the geometric flexibility of the spectral-element method. Rigorous stability and
error analysis for the Stokes problem is carried out. Numerical results indicate that
the proposed method is very effective for some realistic flow problems in unbounded

domains, such as flows passing a circular cylinder.
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1 Introduction

There have been many theoretical and numerical investigations on using spectral methods
for solving PDEs in unbounded domains. For an overview on this subject, we refer to the
book by Boyd [3] and a more recent review paper by Shen & Wang [18]. However, to the
best of the authors’ knowledge, essentially no effort has been made on using a spectral
method for direct simulation of flow problems in unbounded domains. A first step in this
direction was made in a recent paper [1] where the authors studied the Legendre-Laguerre
spectral method for the Stokes equations in a semi-infinite channel. In that paper, the
authors constructed stable discretization spaces using Legendre and Laguerre series for the
Stokes problem and derived a sharp estimate for the inf-sup constant. However, due to the
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one-domain approach, the results in [1] can not be directly used for complex geometries
such as those encountered in simulating flows passing obstacles.

In this paper we continue the work started in [1] and aim at developing a coupled
Legendre-Laguerre spectral-element method for Stokes and Navier-Stokes equations in
complex unbounded domains. The method will combine advantages of the high accuracy
of the Laguerre-spectral method for unbounded domains and the geometric flexibility of
the spectral-element method. In order to validate the method and show that it can be
applied to realistic flow problems, we will implement it to simulate flows passing a cylinder
and compare the results with the approach using an artificial boundary with non-reflecting
boundary conditions [19].

On the theoretical side, we shall carry out stability and error analysis of the coupled
Legendre-Laguerre spectral-element method for the Stokes problems in a simple geometry,
for the sake of the clarity. It is evident that this analysis can be extended to complex
geometries by using standard arguments of the spectral-element method.

The outline of this paper is as follows. In Section 2 we present the Stokes problem
in a semi-infinite channel and formulate the coupled Legendre-Laguerre spectral-element
method for the Stokes problem. In Section 3, we study the stability of the coupled
Legendre-Laguerre spectral-element method and provide an explicit lower bound for the
inf-sup constant. Then, we carry out a rigorous error analysis for the proposed method in
Section 4. We provide in Section 5 implementation details of the method for the Stokes
and time-dependent Navier-Stokes equations, and present several sets of numerical results,
including numerical simulation for the flow passing a circular cylinder.

We now introduce some notations/conventions which will be used throughout the pa-
per. Let € be an open connected domain, and w > 0 be a weight function on €2, we denote
by (u,v)qw = [ wvwd the inner product of L2(£2) whose norm is denoted by || - ||u,0-
We set L () = {v € L2(Q) : [ vwdQ = 0}. We use H'(Q) and H{" () to denote the
usual weighted Sobolev spaces with norm || - ||, 0.0. In cases where no confusion would
arise, w (if w = 1) and  may be dropped from the notations. We denote by c or ¢;
generic positive constants independent of the discretization parameters. We also use the
expression A < B to mean that A < ¢B. Throughout this paper we will use boldface
letters to denote vectors and vector functions.

2 Stokes problem in a semi-infinite channel

An important motivation for developing coupled Legendre-Laguerre spectral element method
is to solve challenging problems in multiple-dimensional infinite domains. A particular
application is to simulate the flows passing an obstacle or in a semi-infinite channel. An
essential step in developing numerical schemes for such problems is to study the Stokes
problem in a semi-infinite channel.

To fix the idea, we consider the semi-infinite channel Q = {x : 0 < z < +00,—1 <
y < 1} with boundary 9€2. We define two subsets of 2:

O ={x: 0<z<a-1<y<l}, Q"' ={z:a<zr<oo,-1<y<l1}
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Figure 1: Domain configuration for the coupled Legendre-Laguerre method.

We also denote T'* = 9Q N 9QF (k = +) and Ty = 9Q~ N IO+,
An illustration of the domain configuration is shown in Fig. 1.

For any function v defined in €2, we use v~ and v™ to denote the restrictions of v to
Q™ and QF, respectively. We define (-,-)x (k= +) and (-,-)r by

WP = [ e, (.0 = [ godo,
QF T
Obviously, we have
(u,v)o = (w07 ) + (u,v) L.

Consider now the Stokes problem in the semi-infinite channel:

~Au+Vp= f inQ,

2.1) V-u=0 in (Q,
. U|89 = 07
lim v = 0.
T— 00

Its weak formulation is: find (w,p) € HE(Q2)? x L?(£2), such that

(2.2) { (Vu, Vo) = (V-v,p) = (f,v) Yo € Hj(Q)?%

(V-u,q) =0 Vqe L*Q).
Now we define the coupled Legendre-Laguerre approximation. Let £;(x) and L;(y)

be respectively the Laguerre and Legendre polynomial of degree ¢ and j, and ﬁz(w) =
Li(z) exp(—z/2). We recall the following orthogonality relation:

1 00
(2.3) /_ 1 / i = a) Ly () e (2 — ) L) dedy = — Sy,

Let Pxn(£27) be the space of all polynomials of degree < N in Q= with respect to each
variable x and y. We define the space Py n(27) by

I/[\])]\47]\]((24») = Span{["z(x_a)LJ<y)7Z:0717 7M7.7 :0717"' 7N}



Let us denote by A the pair of parameters (M, N), and define

Xy = HYQ)2n{v:v € Py(Q)% vt € Py n(QH)?),
My = {q:q¢ €Pn_o(7),q" € IEDM—1,N—2(Q+)}-

We define the discrete inner product (-, ) by
(@ ¥)Inv = (Y )nv—+ (@7 ¥ v+
N N M N
= D D 0 ) )i+ D ST (Gl

m=0n=0 p=0 ¢=0

where

ngmn = (fim7€2_,n)7 w;Ln = (wl_,m’WQ_,n)7 0 S m,n S N’

=06, wh=0,w,), 0<p<MO0<qg<N,

with &, and wy,, (resp. &, and w,,, or fzq and wzq) the Legendre-Gauss-Lobatto points
and the associated weights in [0, a] (resp. [—1,1]). While éffp and djf,p the Laguerre-Gauss-
Radau points and the associated weights in [a,400). The associated discrete norms are
denoted by || - [lx, [ - o~ and || - [la -

Then, the coupled Legendre-Laguerre approximation to (2.2) is: Find unxr € Xnr, py €
M s, such that

(2.4) { (Vup, Voy )y = (V-on,pnv)v = (F,ov)n Vo € X,

(V-up,qv)yv = 0 Von € My

The coercivity and continuity of the bilinear form (Vwar, Voar) o and the continuity of
the bilinear form (V - var, gv) & can be verified easily by using the property of the discrete
norm associated to the Legendre-Gauss-Lobatto quadrature [2] and the fact that

oo M . ) R
(2.5) | padz =" pléatéan, g € Baas(RY)
0 k=0

where {ék,@k} are the Laguerre-Radau points and weights in [0, 00), and

(2.6) Prr(RY) = span{Lo(x), L1 (), - , Lar(z)}.

More precisely, we have

(Von, Von)y = (Vou, Vo)n,- + (VU]\L/, V'UX/’)N,JF
> NopliZ + llviliy = lowvlia, Yon € Xy,
(Vwp, Voy )y = (Vwy, Vo )n,— + (Vwi, Volb )+
< NWVwilv = IVoyllv,— + Vw4 [ Vo«
< Vwn|nVovliv S lwallvellovliie, Yw, v € Xy,




(Veon,av)nv = (Vv aon— + (V- ok, g)n+
S IV vyln=llaviive= + IV - v+ g+
S llonvlellavlloe, Yo € Xy, qnv € My

1,0

Then it is well-known that the well-posedness of the coupled formulation (2.4) relies on
the so called inf-sup condition [4]:

(2.7) inf  sup UM g

INEMN vy eX loallnallanlloe

where By is the inf-sup constant.

3 Estimation of the inf-sup constant

This section is devoted to the estimation of the inf-sup constant.

Theorem 3.1.

(3.1) inf sup Mzmin(N_%,M_l).

€My vexy [IvllLallalo

Proof. Let us first remark that
(V-v,9n = (V- v,q), Vg € My,v € Xy

Consequently, it suffices to prove (3.1) with (V - v, ) in place of (V - v, q) -
Let ¢ € M. We start with = and decompose ¢~ as

(3.2) ¢ =qy +r°

such that g5 € L3(Q7) NPn_2(27) and r~ is a constant. Then, it is known (cf. [2]) that
there exist a positive constant 3y ~ N~z and a function vy € HE(Q7)2NPx(Q27)3, such
that

<1

(3.3) Veovg =—qy and vyl S =l lloo--
By

Given a function g € X satisfying
(3.4) / g-n do=|Q|,
To

where Q27| is the measure of Q7. We denote by w; a function in H}(Q7)? NPy (27)?
such that

(3.5) (V-wg,q)- = (V-g,9)-, Vg € L§(Q ) NPy_5(27).
Then define v~ := g — w;, which satisfies
(36) (v ’ 677(])— =0, Vg€ Lg(ﬂi) N ]P)N—Q(Qi%

and /i)-ndaz/ g-n do=|Q7|.
r To
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Denoting v~ = v, — 70", using (3.2), (3.3) and (3.6), we find that v= € H(Q7)? N
Prn(Q27)2, v - =0, v p, =77 g|r,, and

~(Vov7,q7 )= = (V- (vg =179 )iqy +17)-=(q9.q0)- + (r7)* | V-0 dudy.
So we obtain

(3.7) ~(V-v7,q7)- = llgg lg o~ + (-7

We now consider 7. We recall from [1] that there exists a positive constant 33, ~ M~!
and a function vy € HE(Q1)2 NPy v (27)? such that

1
(3.8) Vevg =—¢" and  uglhor S —lla" oo+

~

For the same function g € X given in (3.4), let w{ be a function in HE (QF)2NP 5 (027)2
such that

(3.9) (V-wi, @)+ =(V-g,0)4, Vg € IEDM71,N72(Q+)-
Then define v := g — w{ which satisfies
(3.10) ’l~)+|r0 = g|p07 and (V . ’l~J+, q)+ = 0, Vq S ]IADM_LN_Q(QJr).

Denoting v+ = v — 9+, using (3.8) and (3.10), we have v+ € H}(QH)2 NPy n(Q)2,
0 b
vt =0, v, =77 glr,, and

(3.11) —(V-v",q" ) = =(V-(vf —r79%),¢")4 = llg" 5 o
Now define
v~ in Q7
v { vt in QF,
then v € Xy, and from (3.7) and (3.11), we find
~(Vovq) = —(V-v ¢ )-—(V-v"q")4

= llag I5.0- + )17+ llg*II5 o+

= la I5a- +la 5.0+ = lla

30

By the definitions of v~ and v™, and using (3.3), (3.5), (3.8) and (3.9), we get
C1 ., —

10- < —lla oo,

<5

_ _ o 1, _ e
v o =llvg =777 [0 S —=llgg llo,o- + [ [llv
By
and

. 1 e 1 1
v 0t = llvg =770  lar S - llatlloor + 177197 ar < (o + —=)lldlloe;
M /3]\/[ 5

where ¢1, c2 depend on g and |Q2~|. Combining the last three results leads to

2
—(V-v,qn la5,0
> ’ = Brlldllo;
[ol[1.0 g lloo- + e2(5F + 5-)llallog
BN ﬁM ﬁN
where By = min(By, B1;) = min(N_%,M_l). O



4 Error estimates

We carry out in this section error analysis for the coupled Legendre-Laguerre spectral
element method to the Stokes problem.

4.1 Some preliminary approximation results

We start with some notations and definitions which are needed in the following error

T and w,(x) = 2". We now recall some approximation results

analysis. Let w,(z) = z"e™
collected in the recent review paper [18] for the Laguerre functions {£}.}, which correspond

to the generalized Laguerre functions {[il(f)} in [18] with index oo = 0.
We

N[

We first introduce some suitable functional spaces. Let us denote éx = 0y +
define for all m > 1,

(4.1) B™(RY) = {v: v e L (RT), 0<k<m},

equipped with the following norm and semi-norm

- Ak, (12 1/2 Am
[olpm = (3 105012,) " Tolgm = 1020 ]a,0-
k=0

We also define
B™(RY) := {v:dv € B" (R},
endowed with the norm and semi-norm:
1oll g = 10501 g1 [0] g = 1000] g1

Let mar, be the L2 -orthogonal projector from L2 (RT) into Py (RT) defined by:
/0 (v = T gV)Ppmwodr =0, Yo € Lio (RT), ¢p € Pyr(RT).

Then, we define the operator 7y, from L?(R") into I@’M(RJF) by (cf. [17]):
Farav(z) = e 2y L (v(x)e™?), Yo € LAH(RY).

It can be easily verified that
/ (0 = Farav)$rrde = / (v(@)e™? = mar o (v(@)e”?)e ™ grrda = 0, Vour € Pag(RT).
0 0

Consequently, 7/ is the orthogonal projector from L?(R™) into Py (RT). The following
result is a special case (o = 0) of Theorem 3.3 in [18]:

Lemma 4.1. For all v € B™(R"),m > 0, we have

(4.2) 105(v = Farav) oy S MU0 06, 0 <<

~



Next, we set Wy = {v € Ppy(RT) : v(0) = 0} and define 71’]1\74(?1 : Hg . (RT) — Wy by:

/ (v—wa v) ppwodz =0 Yo € Way.
0

Then, we set Wy = {ve=*/2 : v € Wy} and define # Al 0 . H}(RY) — Wy by
ﬁﬁoxv(x) = _$/27r]1\40$(v($)e$/2), Yo € HY(RT).

)

We can verify that

1 .
(4.3) (v = y,v) vhy) + G aretsvy) =0, Yo € HY(RY), var € Wy,
and the following result holds (cf. Theorem 3.4 in [18]):
Lemma 4.2. For allv € H{(Rt) N B™(RT),m > 1, we have

(4.4) lo = #yrpvll S M2~ 280 0]lg,, -

Now let Ip7, : C(RT) — Pyr(RT) be the interpolation operator at the Laguerre Gauss-
Radau points. The following result is a special case (o = 0) of Theorem 3.8 in [18] (which
was first proved in [11]):

Lemma 4.3. For all v e C(Rt) N B™(RT) N B™(R*),m > 1, we have

=

~ m 1. A
(4.5) lo = Taavllo S MFE (|02 0]z,,-, + (0 M)3I8 0, )

For any v € H 1(R+) we set 0(z) = v(z) — v(0)e~*/2, and define the quasi-orthogonal

projection operator 7y, . : H'(R') — ]P’ m(RT) by
T = 7711\40 o+ v(0)e 2, Vv e HY(R").
Then we have the following result.
Lemma 4.4. For allv e HY(Rt) N B™(R"),m > 1, we have
lo = #hrevln S M2 0 ]lo,, -

Proof. By definition, we have (7%%411))(0) = v(0), and v — erxv =0 — ﬁ]l\;loxﬁ. We then
derive immediately from Lemma 4.2 that

~ 1 _m  An .
lo = Faggvlln = 10 = Ay, 0l S M2~ 2 (|07 8]0, -

Furthermore, a direct calculation shows that

O™ (v(0)e™*/?) = v(0) (e */*) =0, m>1
Thus
ImH = v — O™ (v(0)e ) = §v, m > 1
This completes the proof. O



We now recall some approximation results by Legendre polynomials. Let us denote
A = (—1,1). Let Iy : L?(A) — Px(A) be the L?(A)-orthogonal projector defined by

1
/ (v —Tyo)édz = 0, Vo € Py(A),
-1

and H}\}O : H}(A) — PQ;(A) be the HJ(A)-orthogonal projector defined by

1
/ 8.(v — TN W)d.pdz = 0, Yo € PY(A).
-1

We use z here to denote either x or y.

Also let Iy : C(A) — Pxn(A) be the interpolation operator based on the Legendre-
Gauss-Lobatto points. Then, we have the following results (cf. [8, 10]):

Lemma 4.5.
lv —=nv|lo S N 8|vlls, s>0,ve H’A);
o — T 0]l S N¥=5|Jolls, k=0,1, s >1, ve HI(A) N H*(A);

lo— Invlo S N“5|olls, s>1, veCQR), ve H ).

For any v € H(A), we set §(2) = v(z) — v(—1)352 —v(1)1Z € H}(A). We define a

quasi-orthogonal projector I1%; : H1(A) — Px(A) by

1-— 1
(4.6) Mo = T35+ o(~1) = + u(1) ;?

By definition, we have (II}v)(£1) = v(£1), and v — IT{v = o — H]l\’,oﬁ. We then derive
immediately from Lemma 4.5 the following:

Lemma 4.6.

lv — vy + Njv —TThollo S N7 vlls, s>1, v e H(A).

4.2 Error analysis

Let R = (a,+0c0). We denote by L*(A, B™(R;)) the space of the measurable functions
v: A — B™(RY) such that

2
olagoqe = { [ 1060 g} <o

In particular, the norm of L?(A, L*(R])) is denoted by || - [|o o+, which is defined by

1/2
lollogs = [vlloo0s == ( / v2dzc> |
O+

Moreover, for any non-negative integer n, we define
v

AR = o O e B IR0 < <)

9



the norm of this space is given by

v
oy

0,0+

n
||v||0;n,Q+ = Z
=0

Finally for any non-negative integer m,n, we define the following spaces

YymrQt) = HU(AL*(RY)) N H" YA, BL(RE)) N H' (A, BI'(RY)),
ATQT) = HY(A LA(R) N LP(A, B™(R])),
B™MQY) = HMA,L*(RY))NH'(A, B™(R])) N H' (A, BY(RY)),

endowed respectively with the following norms

1
2
lollyrn = (Holnqs + 10131, e + 1015000 )
1
2
lollazn = {I013mgqe + 1013mar )
1
2
lolgmn = (180 + 101300 g0 + 102 00 )

We are now in a position to derive the error estimates.

Theorem 4.1. If the solution (u,p) of problem (2.2) satisfies u € HH(Q)?N{v: v~ €
Ho(Q )2 vt e Y™(QH)2), pe{p:p” € H Q7 ),pt € A 1= (QN)}, 0 > 1,m >
Ln>1; And f € {v: v~ € HP(Q7)2, vt € B"(QY)2}NC(Q), p>1,r > 1,5 > 1. Then
the solution (un,py) of (2.4) admits the following error estimates:

< Nl g + I lomr0-) + NP1 -

F o N Mty + [ geter)
wA)E +1)MEE N 4| e,

N=

-
— —
~—~
~—~
._.

=

Uy + 10 llo—10-) + N 215 [0
“E £ NI (Mt [y + 7 o)
(In M)+ 1)MEE + N=*)| £+ g

VAN
+ + .+
51

—~
—~

Proof. Let
Vv i={vny € Xn: (V- -on, 9N =0,Yq € Mpr}.
For any u € H}(Q)?, we define
u = HJIVO 1 yH}V_Lxu, x e,

7Tu —
+ _ b0 a1 +
Ty = HN_q T, €O,

10



where H}\}gl,y and H}V_Lx are the operators H}\}(ll and H}V_l in the y and x directions,
respectively. Then, from the properties of the Legendre-Gauss-Lobatto and Laguerre-
Gauss-Radau quadratures, we have (Vy, Von ) = (Vrw, Vunr), Yoar € X. Therefore,
for all var € X, wpa € Vv, we have

(Vwy, Voy) = (Vuy, Von)x
= (V(wy —u),Voy) + (V(u — 1), Voy) + (V(mu — wy), Von)x

N

(Ju —wnlro + |u — Tul1,0)|vv]ie + lwy — Tuliolvn]Le

S (Jlu—wnlio+ Ju—mulio) oo

The above result together with Theorem IV.2.5 of [2] leads to

|’LL . u/\/"l,ﬂ 5 inf <|’U, . th’Q + sup (va7 VUN) B (vav va)N)

wrEV ONEXN CINGERS)

fion)nv — (f,on

+ mf Hp avlloo + sup ( ) ( )
QN E o EXN "UN|1Q

< inf ’U—w_/\/’|17Q+|U—7Tu’17Q+ lélf

WA EVN
(f,on)nv — (f,on)

+ sup
VN EX N "UN’LQ
and
1
Ip—pnllon S inf |u—wylio+[u—TulLe
ﬁ/\f wrEVN

fionv)nv — (f,on
+ mf Hp avlloo + sup ( ) ( )
v EXN ‘UN|1,Q

Now we estimate the terms on the right-hand side of the above two inequalities.
Firstly, for all f € {v:v~ € H?(Q7)2,vT € B"(Q7)2} N CY(Q), we know from [2]

(f T opv- = (F o) - SN2 (o loylie-, You € Xy
On the other hand, we have
(FHvf v — (P o)+
IF = IngIna f Hloor + I1FF = Tnoy i
(£ = Ing F lloo + 157 = s llos + N7F loss + M2 02 o, 0)l0fch o
(v

S||f+||os+M2_7(||3Tf+\|w 1 (M) (|0 o)
+N~ S||f+||0;s+M2 2||a;f+‘|wr§0)|vj\f‘l,9+

1_r A 1.4
(N2 F  lows + M272 (105 F F Nl _iin + (M) Z |05 f ) ol o

A

AN

A

AN

So we get

(f,on)n — (f, o)

(F o) — (F o)+ [(F vl — (FF o))
S (N f llpa- + (IM)2 +1)M275 4 N79)|| £ gre)foacl 0.

11



Secondly, by the approximation property of H}\’, and 71 M W€ find

0
+ + ~1 A1 1,0
lo (™ —m)loor < N5 (u—myu)loar + H%WM@(H —Hy_; ,wlloo+
< l_m am 1-n 0 ~1
S M272|0; U|@m_1;0,ﬂ+ + N H%WM,J;UHO;WLW
1_m A _ A
S M2 2|00 ulls, o0+ + NUT00u|wgmno1.0+
0 Lo 0 1,0 R
H@("ﬁ mollloar < ”*( Iy—y ,wlloo+ + HOTyHALl,y(U — )

1 _m A
S Nl "ullom.o+ + M=2"2 07" 0yulls,, 00+
From the above two estimates, we get
lut = lar SN M3~ )HUHYJ:”’”
Similarly, by the approximation property of Hjlv and H}\}O in Lemmas 4.5 & 4.6, we find
=7yl SN ullgq-
Thus, we obtain

lu—mulio S |u” —7mulio- + lut — 7Tu|1 Qts
1_m
S NV ullpo- + (N4 M2 g)\\ﬂ\lym-

Now, by Lemma IV.1.2 of [2], Theorem 4.1 of [1] and Lemma 4.5, we have

. 1 .
inf Ju—wyho < (1+-5—) inf |Ju—wy|io

WA EVN ﬁ/\/ waEX N
_ AIO 1,0
S 7‘“ —HN 1yH}V—1,xu 1,0 +|ut — Mz UN—1 U \1,Q+
< — l1—0o — 1l _m 1-n +
S O INTlu g + (M7 2+ NP lut [y

0,0- By the approximation results of 77, and

It now remains to estimate 1nf
N E

Iy ., we have

mf Hp avlloe < [lp7 —In—2y ~y-2yfar—109" o0+
S N llomr0- A NP lon-r0r + 1Y = Far—1ap ™ logr
S NYp lomra- + Np* lomorar + M2 E |07 5, o0
S NP lomro- + (M=% + Nl_n)||p+”AT‘“”_l'

As a direct consequence of the above estimates, we finally obtain
lu —uylhe S NG u oo + 1P lo-to) + N 21F o0
1_m _ _
H(M275 + N (B3 u [lymn + Il g—en1)
+((IM)2 +1)M27% + N7)|| | g

lp—pxlloe S By | N77BW Iu log + 1P lar0-) + N2 F " llp0-
1 _m _ _
M2+ N Bty + [p* ] gn1n-1)

1

+ (M)E +1)MEE + N=) | £+ 7

12



5 Numerical computations

We present in this section several numerical tests to illustrate the theoretical results es-
tablished in previous sections and to demonstrate how the coupled Legendre-Laguerre
spectral element method can be used to simulate realistic flow problems in unbounded
domains.

5.1 Numerical computation of the inf-sup constant

We first compute the inf-sup constant Gar described in Section 3. To this end, we consider
the case that @ = 2 and the domain is decomposed into two elements only.

Inserting the expansions of uxr and par into (2.4), the resulting set of algebraic equa-
tions can be written in a matrix form,

=

foﬂN = 0,

where f v Is a vector representation of the f at the LGL and LGR nodes. The matrices
Ay, Dy and By are block-diagonal matrices with 2 blocks each. The blocks of A are
the discrete Laplace operators, and those of D s are associated to the different components
of the discrete gradient operators, while blocks of Bys are the mass matrices with respect
to each component of f.

Eliminating w,, from (5.7)-(5.8), we obtain

T 4—1 T A—1
(5.9) DY A'Dy p,, = DVAY By £,
Sn

The matrix Sy := D%}AX}DN is usually referred as the Uzawa matrix. A typical pro-
cedure for solving (5.7)-(5.8) is to first solve p,. from (5.9), and then solve wys from the
Poisson equation (5.7) with known p, .

The Uzawa matrix is of dimension (M + N —1) x (N —1), full, symmetric and positive
definite. A usual procedure to solve (5.9) is to use a preconditioned conjugate gradient
method with the mass matrix B A as a preconditioner (2, 5, 7, 14]. In this procedure each
outer iteration requires the inversion of two Laplace operators (Aas matrix) which can
be carried out by the fast diagonalization method (see [13]). Hence, the efficiency of the
method is dictated by the condition number s of Ejffl Sn. A well known fact is that the
condition number s is linked to the inf-sup constant via the relation ky = ﬁ [14]. As
a result, the inf-sup constant G affects the efficiency of the iteration method to solving
(5.9).

The first computational investigation is concerned with the lower bound on the inf-sup
constant derived in Section 3. In the left of Fig. 2, we plot the variations of Gar versus M
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in log-log scale for several N. We observe that [xr is independent of N while it decays
as ﬁ In the right of Fig. 2, we plot the variations of Ba versus N for several M. We
observe that Gz remains to be constants as we vary N with M fixed. These results seem
to indicate that By = O(ﬁ), which is the same as in the coupled Laguerre-Legendre
approximation in [1]. However, we were not able to improve our estimate in Section 3 to
match this numerical observation. There are possibly two scenarios for this discrepancy:
(i) the numerical results show in Fig. 2 have not reached the asymptotic range; and
(ii) the lower bound for the inf-sup constant in Section 3 is not optimal. In any case,
this is an issue of academic interest only since in practice we always use M > /N so

B~ min(N~Y2 M~1) ~ ML,

001 |

55 I I I I I 0001 I I I I
15 2 25 3 35 0 5 10 15 20 2 30 35 40 45

log(M) N

Figure 2: left: inf-sup constant Gnr vs. M; right: inf-sup constant Gn vs. N.

5.2 Numerical tests for the convergence rate

The next numerical test is carried out to check the convergence behavior of the coupled
Legendre-Laguerre spectral element method in case of a more general domain decompo-
sition. To this end, we divide Q= and Q7 into several non-overlapping macro-elements.

To simplify the presentation, we assume that all elements are rectilinear. We partition

Q™ into K~ non-overlapping elements:

.
O =JQ, QN =0, for k#£1
k=1

i.e., we partition A, = (0,a) in = direction into K, parts:
e
Aa=J AL ASNAL =0, for k#1,
k=1
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Figure 3: The velocity and pressure errors as a function of N and M: left, errors in 7 ; right,

errors in Q7.

while partition A = (—1,1) in y direction into K, parts:

Ky
A=[JAY A nA =0, for k#L
k=1

Obviously, we have K~ = K, x K,. At the same time, we divide Q" into KT = K,
non-overlapping parts, i.e., we divide y direction of Q7 as in Q. The finial domain
configuration is illustrated below:

(0, 1) r- (a, 1) r+

y
1 Q (Leg-Ieg.) |[To Q" (Laguerre-Legendre) T—» <
(0,-1) r- (a,-1) r+

We consider the Stokes problem with the following analytical solution

- ( sin(x) cos(y)e™*

(sin(x) — cos(x)) sin(y)e

_x> ) p = cos(z) cos(y)e

in the computation domain ) that is the union of the following two sub-domains:

QO ={x: 0<2x<2,-1<y<l}, QT ={z: 2<wr<oco,-1<y<l1}
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Then we further decompose €2~ into 16 equal macro-elements, and Q7 into 4 equal macro-
elements. In Fig. 3, we plot, in a semi-logarithmic scale, the H'-velocity and the L?-
pressure errors in £~ as a function of N with M fixed (figure on the left) and in Q% as
a function of M with N fixed (figure on the right). We observe that the errors converge
exponentially which is a typical behavior for spectral methods with analytical solutions.

5.3 Applications to flow simulations

We consider now simulations of fluid flows past a cylinder. To understand what and how
the computations will be done, we review below the time discretization algorithm to be
used here.

We consider the flow of an incompressible fluid around a circular cylinder placed in a
semi-infinite channel. The flow is governed by the following Navier-Stokes equations:

ou 1 :
(5.10) E—EAu—F(u‘V)u—&-Vp—f in Q,
V-u=0 in £,

where u = (uy,usz), p are respectively the non-dimensional velocity and pressure, f is
the forcing term. The characteristic scales for the velocity and pressure are respectively
the free-stream velocity U and poU?, where pg is the density. Re := @ is the Reynolds
number, with D the cylinder diameter and v the kinematic viscosity. In our simulations,
the free-stream velocity is set to the constant (1,0). This means that during the calcula-
tions the velocity remains this constant in the infinity downstream. In order to be able
to use our method, we define a new vector function w = (wy,ws) := (u; — 1,u2) so that

lim w = 0, which is required by the Laguerre approximation. Then (5.10) becomes
T—00

ow 1 .
(5.11) a—ﬁAw—k(wl—kl,wg)-ijLVp—f in Q,
V-w=0 in Q.

Usually, the nonlinear terms are treated explicitly either via a Adams-Bashforth scheme or
a characteristics scheme based on the operator-integration-factor (OIF) splitting method
[15]. In most applications, the latter has shown advantage over the former thanks to the
fact that the OIF method allows for time-step sizes exceeding standard CFL limited time-
step sizes. For this reason, we use a semi-Lagrangian method (see, e.g., [20]), which is
based on the OIF splitting technique, to treat the time derivative and the convective terms.
This temporal discretization results in a saddle point problem coupling the velocity and
the pressure, which is decoupled later via an additional splitting step. Such an approach
was analyzed and applied to various computations in the papers of Perot [16], Couzy et
al. [6], and Lin et al. [12]. The approach has a common foundation with traditional
projection approaches which lead to a Poisson equation for the pressure (cf. [9]). More
precisely, we rewrite (5.11) under the following form:

(5.12) Dt Re



where D% denotes the material derivative taken along a path moving with velocity (w; +

1,ws). Then we use the second order backward differentiation scheme to discretize (5.12)

n+1l _ A3,0 ~n—1
3w dw" +w _ iAwn-&-l + Vpn-i-l — 2fn _ fnfl in Q,

2A¢ Re
V- -w"t =0 in Q,

where At is the time step, W™ and @™ ! are the transports at different instants of the

previous solutions on the characteristics. This time semi-discretization leads to a gener-

alized Stokes equation for (w"*!, pn+l)

in each time step, which is further discretized in
space by using the coupled Legendre-Laguerre spectral element method described in the

preceding sections.

We shall first test this approach with an analytical solution given by

—x

_ cos(t) sin(x) cos(y)e™*
cos(t

)(sin(z) cos(;g))sin(y)e—w>’ p = cos(f) cos(z) cos(y)e

We take the computational domain to be {x : 0 < z < 00, —1 < y < 1}\Qy with
Qo = {(z,y): (x—1)2+(y—1)%2 <0.5?}. The computation domain € is first decomposed
into two sub-domains:

QO ={r: 0<2<2,-1<y<1}\Q, Q" ={z: 2<r<00,-1<y<l1}.

Then we further partition 2~ into a number of macro-elements, and Q7 into several equal
macro-elements. In this case deformed elements have to be used to partition the domain.
A typical mesh for this problem is shown in Fig. 4.

T

1
1

T

T AR

Figure 4: Partition of domain and a typical mesh

We show in Fig. 5 the errors at t = 1 in Q= and Q% as a function of the time step At
with N =10, M = 48 fixed, second order accuracy in time is observed.

We now consider the flow passing a circular cylinder. The computational domain and
the spectral element mesh are illustrated in Fig. 7, with QT = (6.15,00) x (—3.6,3.6). A
cylinder obstacle of diameter D = 1 is located at the origin. There are 210 Legendre-
Legendre macros-elements and 10 Laguerre-Legendre macros-elements extending to the
infinity.

All the computations have been carried out for a Reynolds number of 200 by using
our coupled method with the Legendre polynomial degree N = 6, Laguerre polynomial
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Figure 5: The velocity and pressure errors as a function of At: left, errors in Q7 ; right, errors in
Qr.

degree M = 32, and the time step At = 0.02. In order to accelerate vortex formation,
the cylinder is artificially perturbed by performing impulsively started rotations with a
clockwise angle-velocity 0.2 between ¢ = 3.0 and 4.2, and a counterclockwise angle-velocity
0.3 between ¢ = 4.5 and 6.0 (cf. Fig. 8).

The simulation results obtained in the unbounded domain are compared to the ones
computed by a standard Legendre spectral element method in a bounded domain using
a non-reflective artificial boundary condition [19]. A standard Legendre spectral element
mesh for the bounded domain is shown in Fig. 9. The bounded domain is partitioned into
310 Legendre-Legendre macro-elements.

In Fig. 10, we plot the isolines of the horizontal velocity, pressure, and vorticity at
t = 10, obtained respectively by using the coupled Legendre-Laguerre spectral element
method and the standard Legendre spectral element method. One observes a very good
agreement between the two families of plots. The isolines at t = 12 are plotted in Fig. 11.
It is seen that the results produced by the two methods remains indistinguishable. The
computation is continued until the vortices reach the downstream domain. We present
the results at t = 14 in Fig. 12 where some vortices appear in the downstream.

We observe here some slight differences between the two approaches at downstream.
This is not surprising since the Legendre spectral element method uses, at the artificial
outflow boundary, a non-reflecting boundary condition which is no longer valid when some
vortices reach the artificial boundary.
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Figure 6: The velocity and pressure errors as a function of N and M: left, errors in 7; right,

errors in Q.

In Fig. 6, we present the errors at ¢ = 1 with respect to N in Q= with M = 48 (figure
on the left), and with respect to M in Q" with N = 10 (figure on the right). One
observes that the errors decay exponentially until the time discretization errors dominate.
These results demonstrate that the Legendre-Laguerre coupled spectral element method
for unbounded domains possesses same convergence features as those of the conventional

Legendre spectral element methods for bounded domains.

6 Concluding remarks

We have presented a coupled Legendre-Laguerre spectral element coupled method for the
Stokes and Navier-Stokes equations in a semi-infinite domain. A detailed stability and
error analysis has been carried out for the Stokes problem in a semi-infinite channel.
Namely, we established the well-posedness of this method by deriving an explicit lower
bound for the inf-sup constant, and derived error estimates by using the inf-sup estimate
and the Laguerre/Legendre approximation properties.

We have also implemented the new method to simulate the flow passing a circular
cylinder, and compared the results with those obtained by using the standard Legendre
spectral element method which uses a non-reflecting boundary condition at an artificial
boundary. The new method enjoys the following advantages: (i) no artificial boundary is
needed as the method works directly in the infinite domain, eliminating the ad-hoc process
of choosing an artificial boundary and boundary conditions; (ii) the interface between the
Legendre spectral-element region and the Legendre-Laguerre region can be placed very
close to the obstacle, leading to potentially significant saving in the number of unknowns
and CPU.
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Figure 7: Legendre-Gauss-Lobatto/Laguerre-Gauss-Radau spectral element mesh for the un-

bounded domain.
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(a) Horizontal velocity, Leg.-Lag. (b) Horizontal velocity, Legendre

(c) Pressure, Leg.-Lag. (d) Pressure, Legendre

(e) Vorticity, Leg.-Lag. (f) Vorticity, Legendre

Figure 10: Isolines of the horizontal velocity ((a),(b)), pressure ((c),(d)), and vorticity ((e),(f))
at t = 10. left: Legendre-Laguerre coupled method; right: Legendre method
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(a) Horizontal velocity, Leg.-Lag. (b) Horizontal velocity, Legendre

(e) Vorticity, Leg.-Lag. (f) Vorticity, Legendre

Figure 11: Same as in Fig. 10, but ¢t = 12.
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(a) Horizontal velocity, Leg.-Lag. (b) Horizontal velocity, Legendre

(c) Pressure, Leg.-Lag. (d) Pressure, Legendre

(e) Vorticity, Leg.-Lag. (f) Vorticity, Legendre

Figure 12: Same as in Fig. 11, but ¢t = 14.
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