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A stabilization method for the spectral element computation of incompress-
ible flow problems is investigated. It is based on a filtering procedure which
consists in filtering the velocity field by a spectral vanishing Helmholtz-type
operator at each time step. Relationship between this filtering procedure and
SVV-stabilization method, introduced recently in [JCP, 2004, 196(2), p680], is
established. A number of numerical examples are presented to show the accu-
racy and stabilization capability of the method.
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1. INTRODUCTION

Despite the success of the spectral element methods (SEM) in the appli-
cations of, among many examples, incompressible flows, severe stability
problems have also been encountered in the past, especially when fac-
ing problems having weak physical diffusion. These problems result from
the fact that spectral approximations are much less numerically diffu-
sive than low-order ones, even minor errors and under resolution can
make the calculation unstable. For a long time, numerous filtering tech-
niques have been proposed to overcome the stability problem. In the frame
of spectral element approximations it is however, essential to preserve
the inter-element continuity, as discussed in [1]. One of the most recent
advances in this direction has been proposed in [2], where an interpola-
tion-based stabilization procedure is applied at the end of each time step
of the Navier—Stokes discretization. This procedure was then interpreted in
[10] as a filter if {L; —L;_»,2<i <N} basis is used to expand the velocity.
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Another stabilization technique has been recently proposed by Xu
and Pasquetti in [14], where the spectral vanishing viscosity (SVV) method
was integrated into the weak formulation of the Navier-Stokes equations.
This technique has been proven to be an efficient stabilization method
possessing the properties of the inter-element continuity and the spectral
accuracy. The SVV method was initially developed for the resolution of
hyperbolic equations using the spectral methods [5, 7, 12]. Recently, it has
been suggested to use the SVV method, using modal basis [6] or in the
frame of collocation methods in a Cartesian geometry [9], for the large-
eddy simulation of turbulent flows. However, for the first time we have
generalized in [14] the SVV idea to the multi-dimensional case with gen-
eral deformed elements using nodal basis.

The present work follows the subject of [14], and try to give an
interpretation of the SVV-SEM as a filtering technique, the latter has the
advantage of being simpler to use, without the need to modify the existing
SEM code. To this end:

First, we recall the SVV stabilized SEM introduced in [14], then try
to interpret it as a filtering procedure. We show how to implement the fil-
tering technique in the frame of a Navier—Stokes spectral element solver.

Second, we show that the filtering procedure is a reasonable approxi-
mation to the SVV-SEM, and that in certain case, the two approaches are
strictly equivalent.

Third, we consider an analytical solution to study the accuracy
property. We will see that the filtering procedure not only stabilizes the
calculation, but also improves the accuracy of the overall schema.

Finally, in order to numerically demonstrate the stabilization property
of the method, we compute the shear layer roll-up problem at Reynolds
numbers Re=10> and two dimensional (2D) Von-Karman flows behind a
cylinder at Re =1000.

2. STABILIZED SPECTRAL ELEMENT FORMULATION

The spectral element approximation of the incompressible Navier—
Stokes equations yields the following semi-discrete problem [8], to be
solved at each time-step after the time-discretization: Find uy € Xy and
PN € My such that

(Diuy,vy) +v(Vun, Voy) — (V-un, py) = (5§, Un), Yoy EXN,(D
(V-un,qn) =0, VYgyeMy

where uy, py and sy denote the approximations of the velocity, pressure
and source term, respectively, D,uy the material derivative of uy, v the
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dimensionless viscosity and (-,-) the standard L?(2) inner product. The
domain €2, assumed to be 2D for the sake of simplicity, is partitioned into
a conforming decomposition

K
a=J&" ofna'=p vk 1 k#£L
k=1

The discrete velocity space Xy and pressure space My consist of,
Xy=Pyk(QNHy (@7, My =Py x(@NLFRQ)
with standard notations for the Hilbert spaces HO1 () and L%(Q), and with:
Py x(Q) = {ve L*(Q); vlgr o f* € Py(A?), 1<k <K},

where f* is the transformation function from the reference domain A2, with
A=(—1,1), to Q¥ and Py the space of the polynomials of maximum degree
N in each variable. For the reason of simplicity again, homogeneous bound-
ary conditions have been assumed through the use of the HOI(Q) space.

In [14], a stabilized spectral element approximation of problem (1)
was introduced and analyzed. The proposed method consists in adding a
stabilization term Vy in (1), yielding the following weak formulation

(Diun,vn) + Vy(Vun, Voy) + v(Vup, Vuy) — (V-uy, py)
= (sy,vn), VYuyeXy, (2
(V-uy,qn) =0, VgyeMy

where Vy(Vup, Voy) is a SVV term written in weak form.

Let f be the mapping from (X,Y), in the reference domain A2, to
(x,y) in the spectral element QX and g= f~!, G the transpose of the Jaco-
bian matrix of g and J the Jacobian determinant of f (To simplify the
notation we use here f, g, ..., rather than f¥, g ...). Then the definition
of Vi used in [14] takes the symmetric bilinear form corresponding to the
k-element:

VR (Vuw, Vor) = en(GQZ(Viin), JGQ' 2 (Vin)) 12a2),  k=1.... . K,
A3)
where ey = O(1/N), V denotes the gradient with respect to the reference

domain and with @y =¢n o f. The meaning of Q!/2(Viiy) makes use the
1D scalar definition of Q:

Q2 (Viiy) = ( 02 @iy (-, Y))) ’

02 (@dyiin(X, )
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where Q!/2 is the spectral viscosity operator such that, with L; for the
Legendre polynomial of degree i:

N 00
0'2¢p=> "\ 0ibiLi. V$: ¢=> ¢iLi
i=0 i=0
with Q; =0 if i < my and

.\ 2
Qizexp<—<N l,)),ifi>mN,
my —1

my takes a suitable value between 0 and N.
Finally, global Vy is defined as the summation:

K
VN (Vun, Voy) = D Vi (Vuy, Voy). 4

k=1
The efficient implementation of the stabilized spectral element approx-

imation (2) is quite technique, we refer to [14] for a reasoning for the defi-
nition (3) and its detailed implementation.

3. FILTER-BASED STABILIZING PROCEDURE

In this section, we will first introduce a filtering procedure, then try
to give an interpretation of the SVV stabilization method presented in the
previous section. We first go back to the standard Py x Py_» spectral
element semi-discrete problem (1) without stabilization. We introduce the
following second-order rotational projection schema [3, 4] plus a filtering
step to discretize in time the problem (1):

— Diffusion step (computation of the intermediate velocity):
Find u}, € X, such that for all vy e Xy,

3ut, — 4t + iy ! .
2At N

+v(Vuly, Voy) = (V-vy, ) + (5 o), (5)

where At is the time step. iy, it','\,_l are the transport at different instant

of the previous solution on the characteristics. A detailed description on
their computation was given in [13]. We point out that the time derivative
is approximated by the second-order backward differentiation.
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— Filtering step:
Once u}, is obtained, we filter it by the following procedure: Find i},
such that i}, — uy € Xy, and

_ 2At _
iy, vN) + TVN(VMTV, Vuy) = (y.vn), Yoy eXy, (6)

where the bilinear form Vy is defined in (4). It is readily seen that the fil-
tering procedure preserves the interelement continuity and the boundary
conditions, 1i.e.

iylag = uylaq.

It is worth noting that, according to the definition (4) of the operator
Vn, problem (6) is indeed a spectral vanishing Helmholtz problem. Since
the SVV term Vy is only active on the last highest spatial frequencies (i.e.
on modes L; for i >my in 1D case), the corresponding filtering procedure
has effect of damping the component of the high spatial frequencies of u},.

— Projection step:
Find u""' € Py k()% py™' e My N H' () such that

3l — 3% 3
(NTIN’ UN) + (V(PY/Q-H — py+vV- “7\/)’ UN) =0,

Yoy € Py g ()%, @)
W't Vgn) =0, YgyeMyNH'(Q).

Remark 3.1. The step (7) is a realization of projecting u} into a
space of weak divergence free. In the implementation, we take vy = Vgy
in the first equation of (7), so that we obtain a discrete pseudo—Poisson
equation for the pressure increment p"NJrl — py +vV.iy.

Remark 3.2. It is the intermediate velocity u}, that we choose to fil-
ter, so that the weak divergence-free property of the final velocity u’;\;’l
is preserved. This property is desirable in the calculation of the velocity

vn+1
transport " .

Remark 3.3. The cost to evaluate the term Vy(Viy, Voy) in (6)
is the same as the classical Laplacian. In fact, in practice we just need
replacing the classical derivative matrix D by its modified matrix Q!/2D,
where for simplicity of notation we use still Q!/2 to denote the matrix rep-
resentation of the operator Q!/2. Note that, since operator Q'/2 is just
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active on the last highest modes and the “artificial viscosity” &veN is

generally small, the filtering problem (6) results in a well- condltloned sym-
metric positive definite system, hence can be inverted by standard elliptic
solvers like conjugate gradient algorithm.

3.1. Relationship with the SVV Formulation

It can be shown that the filtering procedure (5)—(7) is a reasonable
approximation to the SVV formulation (2). To see that, we need to estab-
lish the equations satisfied by the filtered velocity.

Combining (5) and (6), we have

(3;;;; — 40 + iy

2At

2At
— 3 ven(VV-QVity, Vo) =(V vy, P+ o). (8)

N) + Vy(Viy, Voy) + v(Vity, Voy)

If we ignore the high order term 2A’veN(VV QViy, Voy), then
combining (8) and (7) gives

(312*N — ditly + iy !

TAT ,on | + Vn(Vity, Vo) + v(Vidy, Vuy)

=(V-un, ply) + 5 o),

Wi, vay) =0,

which is nothing else than the second-order rotational projection schema
of the stabilized spectral element formulation (2).

It can be easily shown that in the Fourier case —(VV-QVi}, Vuy)
is purely diffusive, hence helps to stabilizing the schema. In the general
case (not periodic), we are unable to prove the diffusibility, however, we
note that this additional term has a small magnitude tending to zero
when Atfvey tends to zero. Hence we can expect that the difference on
the stabilization capability between the proposed filtering procedure and
SVV-SEM is negligible. This point will be confirmed through the compu-
tation of the shear layer roll-up problem and 2D high Reynolds number
wake of a cylinder.

We should note that in the case where the physical diffusion is absent
(i.e. v =0), the filtered-SEM and SVV-SEM are strictly equivalent.
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4. NUMERICAL RESULTS

The purpose of this section is to investigate the convergence and
stability property of the filtered-SEM. To this end we first consider the
Navier-Stokes equations in A2, with a stiff analytical solution, to demon-
strate that the filtered-SEM not only keeps exponentially accurate, but also
improves the accuracy as compared to the unfiltered case. Then the shear
layer roll-up problem and Von-Karman flow past a cylinder is computed
to show the stabilization capability of the method.

4.1. An Analytical Solution

In this first test, v is fixed to be 1072, In order to check numerically
the effect of the filtering procedure (6) on the spectral element solution,
we choose the analytical exact solution:

uy(x,y,t) = sin(2wx) cos(2mry) sin(t)
{ug(x, y,t) = — cos(2mx) sin(2my) sin(z)
and the computational domain A2 is partitioned into 10 x 10 square
elements.

Figure 1(a) shows some velocity errors at r=1 in H' L> and L?
norms obtained with the filtered-SEM and the non-filtered case respec-
tively. Here, as motivated by the numerical experiences performed in [14],
the filtering is applied with parameters my =N —2 and ey =1/N. Sur-
prisingly, contrast to our previous results [14] obtained by solving the
steady Helmholtz equations, the stabilized-SEM not only preserves the
exponential convergence rate (the errors show an exponential decay when
the polynomial degree is increased), but also is more accurate than the
standard (non-filtered) SEM.

In order to know whether the SVV-SEM introduced in [14] pos-
sesses similar property, this time-dependent solution is also calculated by
using SVV-SEM. The L>-errors on u as a function of time 7 is plotted
in Fig. 1(b), showing that more accurate solution is obtained by both
SVV-SEM and filtered-SEM, and that the difference between the SVV-
SEM and filtered-SEM is insignificant. This confirms our analysis given
in Sec. 3.

The non-linear convective term may be responsible for different
behaviors between the steady Helmholtz equations and unsteady Navier—
Stokes equations: in the latter case the spurious “high-frequency modes”
resulting from aliasing effects may be damped when the SVV or filtering
is activated, resulting in better results.
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Fig. 1. (Top) Errors on u in the H', L> and L? norms as a function of the polynomial
degree N. (Bottom) L2 Errors on u as a function of the time obtained without filtering and
with filtering.

4.2. Applications

In this subsection the efficiency of the proposed filtered SEM is dem-
onstrated through the computation of the shear layer roll-up problem and
2D high Reynolds number Von-Karman flow behind a cylinder.

4.2.1. Shear Layer Roll-Up Problem

As a well-known test problem [2], shear layer roll-up flow is computed
in the domain [0, 1], with doubly-periodic boundary conditions and fol-
lowing initial conditions
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tanh(30(y — 0.25)) for y < 0.5

ui(x,y, t)= {tanh(30(0.75 ~y) fory>05" uy(x,y,t) = 0.05sin(2mx).

In all case, the domain is broken into 16 x 16 equal square elements.
The Reynolds number is defined by Re = %, where L and upm,x are
respectively the dimensionned side length and maximum training velocity.
Figure 2(a) shows the vorticity for Reynolds number Re=103 at r =1.055
for N =8, t =1.035 for N =16, just prior to blow up for the standard
SEM. Increasing N and K and decreasing Af up to reasonable values do
not help to stabilize the simulation, as already indicated in [2]. Filtering
the intermediate velocity dramatically improves the stability, as shown in
Fig. 2(c), where vorticity contours at t =1.5 are plotted for filtered SEM
with N =8 and N =16, respectively. In order to avoid the insignificant zero
contour, an even number of contour levels has been used. Also shown in
Fig. 2(b) is the result by SVV-SEM: no significant difference is observed
as compared with the filtered SEM.

4.2.2. Von-Karman Flows Past a Cylinder

Several calculations have been carried out for the flow around an
impulsively started circular cylinder, for various Reynolds numbers. Our
goal here is to check the capabilities of the filtered-SEM.

In all our calculations, the number of the elements has been fixed to
K =310. The Reynolds number is defined as Re=UyD/v, where Uy is
the free stream velocity and D is the cylinder diameter. As already pointed
out in [14], in this domain decomposition, using the standard SEM we
were unable to compute flows at Re > 500 at any reasonable resolution.

The stabilization effect of the filtering is checked by the long time
simulation of the unsteady wake at Re=1000. The used polynomial degree
corresponding to each macro-element is N =12 and the time step equals
0.02, using 5 sub time-cycles in the transport step. As expected, with the
filtering stabilization, we are now able to carry out long time simula-
tion. The computed flow structures captured at =100 (no shown here)
compare well with the ones given in [14] obtained by the SVV-SEM. By
observing the time evolution of the cross-flow velocity at a selected point
in the wake, we obtain a Strouhal number of 0.25. This result is also in
good agreement with that computed by the SVV-SEM or given in [11].

In summary, we can draw from the above numerical tests the follow-
ing conclusions:

— The filtered-SEM not only remains spectrally convergence, but
also is more accurate than the standard SEM when applied to the
unsteady Navier—Stokes problems;
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N=8, t=1.05 N=16, t=1.03

Fig. 2. Vorticity contours (=70 < w < 70, 14 equidistant levels) for different methods:
(a) Standard SEM; (b) SVV-SEM; (c) Filtered-SEM.
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— The filtering procedure is also an efficient stabilization method
as compared to our previously proposed SVV-SEM. It allows to
compute flows of high Reynolds number where simulations by the
standard SEM fail to converge.
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