The Third Workshop on
Recent Advances in Spectral Methods
and Related Applications

July 15-16, 2011
Shanghai Normal University
Shanghai, China




Contents

Background
Organizing Committee
Accommodation
Invited Participants
University Map

Program

Daily Program . . . . . . . . . .

Abstract of Invited Lectures
Bao Weizhu: Emerging applications of spectral methods in quantum and plasma
physics . . . . .
Chen Min: Boussinesq systems for water waves . . . . . . . ... .. ... ...
Chen Yanping: Spectral collocation methods for Volterra integro-differential
eqUAtiONS . . . . ..o
Dong Suchuan: A High-Order Macro-Element Method . . . . . .. ... .. ..
Jia Hongli: Pseudospectral Method For Polygons . . . . . ... ... ... ...
Li Xianjuan: A parallel in time/spectral collocation method for the Volterra
integral equations of the second kind . . . . . . .. ... ... ... .. ...
Li Huiyuan: A New Spectral Method on Triangles by Using the Square-to-
Triangle Mapping . . . . . . . . . . e
Ma Heping: Spectral element methods for elliptic equations on polygon or poly-

hedron domains . . . . . . . . ..



Shen Jie: Efficient and Stable Spectral Methods for Scoustic and Electromagnetic
scattering . . . . . ... 12
Song Lunji: A Spectral IPDG Method for The Helmholtz Equation . . . . . .. 13
Teng Chunhao: Pseudospectral simulations of nano-optics induced by Ag nano-
particles . . . . .. L 13
Wang Lilian: Some new perspectives on spectral approximations and time-domain
wave scattering . . . . . . ... L 13
Wang Tianjun: Composite Laguerre-Legendre Spectral Method for Fourth-oder
Exterior Problems . . . . . . . . . ... 14
Xie Ziqing: Convergence analysis of spectral Galerkin methods for Volterra type
integral equations . . . . . ... oL Lo 14
Yi Lijun: The h-p version of the FEM for elliptic problems with nonhomogeneous
Dirichlet boundary conditions . . . . . . . . ... ... ... ... ... 14
Yi Yonggang: Generalized Jacobi Rational Spectral Method and Its Applications 15
Yu Haijun: Efficient Numerical Methods for the Kinetic Equation of FENE
Dumbbell Fluids . . . . . . . . . . . . 15
Zeng Fanhai: Alternating Direction Implicit Legendre Spectral Element Methods
for Schrodinger Equations . . . . . . .. ..o oo 15
Zhang Chao: Generalized Laguerre Quasi-orthogonal Approximation And Ap-
plications To Petrov Galerkin Spectral Method With Essential Imposition Of
Mixed Boundary Conditions For High Order Problems . . . . ... ... .. 16
Zhang Zhimin: Spectral Collocation Methods for Hamiltonian Dynamical Systems 16

Tour Information 17
TAL6R FHamLHe . . . . 17
EET AR BB L 17

B . 17

AT RASEARKE . L 18
EEFE 18
LEFEHLHEABFLBRE .. 19
KEHSBFTRBFIRF S . 19
AFETAB 19

S5 IMHARARRLIEZ BiE 19

IT



The Third WorkshoE on Recent Advances in Seectral Methods and Related Aeelications, Shanghai

Background

Since the first application to three-dimensional turbulence simulation using the
Fourier-spectral method at early 1970's, there is a phenomenal growth in the analysis and
applications of the spectral and spectral-element methods. The main characteristic of
spectral and spectral element methods is the use of high-order polynomials as basis
functions, as compared to low-order piecewise polynomials in a finite element method.
The main advantage of the spectral methods lies on the fact that the convergence of
numerical solutions is exponential if the exact solution is smooth. While the classical
spectral methods are limited to simple geometries, the development of the spectral
element method allows to take advantages of the geometric flexibility of finite elements
and the high accuracy of spectral methods. Undoubtedly the spectral and spectral element
methods have become a major computational tool, especially when highly accurate
solutions are needed.

The aim of this series of workshops is to bring together experts working on spectral
and high order methods and their applications to exchange recent progress and to promote
future research and collaborations. This is the third workshop in this series organized by
Jie Shen (Purdue University) and Chuanju Xu (Xiamen University).

The first workshop in the series was held during June 14-16, 2007 at Xiamen
University.

The second workshop in the series was held during May 29-31, 2008 in WuYi

mountain.

The third workshop is sponsored by:

E-institute for Computational Science of Shanghai Universities

Scientific Computing Key Laboratory of Shanghai Universities
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Organizing Committee

Jiao Yujian, Shanghai Normal University, China
Shen Jie, Purdue University, USA
Wang Zhongqing, Shanghai Normal University, China

Xu Chuanju, Xiamen University, China
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July 14, 2011 Thursday

Registration (8:00-18:00)

Reception (18:00)

July 15, 2011 Friday
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o Spectral Collocation Methods for
8:40-9:10 Zhang Zhimin o )
Hamiltonian Dynamical Systems
o A New Spectral Method on Triangles by Chair:
9:10 - 9:40 Li Huiyuan ) ) ) )
Using the Square-to-Triangle Mapping Ma heping
Pseudospectral simulations of nano-optics
9:40-10:10 | Teng Chunhao ] ]
induced by Ag nano-particles
10:10 - 10:30 Tea Break
10:30 - 11:00 Chen Min Boussinesq systems for water waves
) Spectral collocation methods for Volterra
11:00 - 11:30 | Chen Yanping ) ) ] ) .
integro-differential equations Chair:
A parallel in time/spectral collocation Xie Ziqing
11:30 - 12:00 Li Xianjuan method for the Volterra integral equations
of the second kind
12:00 Lunch
) Efficient and Stable Spectral Methods for
13:30 - 14:00 Shen Jie . . .
Scoustic and Electromagnetic scattering
Convergence analysis of spectral Galerkin
14:00 - 14:30 Xie Ziging methods for Volterra type integral
equations )
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The h-p version of the FEM for elliptic )
o ] o Xu Chuanju
14:30 - 15:00 Yi Lijun problems with nonhomogeneous Dirichlet
boundary conditions
Efficient Numerical Methods for the
15:00 - 15:30 Yu Haijun Kinetic Equation of FENE Dumbbell
Fluids
15:30 - 15:50 Tea Break
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Abstract of Invited Lectures

Emerging applications of spectral methods in quantum and plasma physics

Bao Weizhu
Department of Mathematics and Center for Computational Science & Engineering
National University of Singapore, Singapore 117543
Email: bao@math.nus.edu.sg, URL: http://www.math.nus.edu.sg/~bao
Abstract: In this talk, I will review different numerical approximations for the nonlinear Schrodinger
equation (NLS) in the semiclassical regimes, where the scaled Planck constant is small. T also compare
properties preserved in the discretized level of different numerical methods including time reversibility,
time transverse invariant, mass conservation, energy conservation, stability, accuracy and resolution
in the semiclassical regime. Finally, I show applications of spectral method to different problems in
quantum and plasma physics including Zakharov system, Maxwell-Dirac equations and Klein-Gordon

Schrodinger equations, etc.

Boussinesq systems for water waves

Chen Min
Dept of Math, Purdue University, West Lafayette, IN 47906
Email: chen@math.purdue.edu , URL: http://www.math.purdue.edu/~chen

Abstract: In this talk, I will present joint works over the years on the existence and stabilities
of special solutions, which include solitary wave solutions, cnoidal wave solutions, standing wave
solutions and two-dimensional wave patterns, for a class of Boussinesq systems. The techniques used
in the existence results include, but not limited to, perturbation theory and topological index theory.
Numerical simulations designed to gain more understanding on tsunami and wave patterns will be

carried out and compared with theoretically results and fields data.

Spectral collocation methods for Volterra integro-differential equations

Chen Yanping
Department of Mathematics, Huanan Normal University
Email: ypchen@xtu.edu.cn, URL: http://daoshi.xtu.edu.cn/index.php?id=631

Abstract: In this talk, we investigate the convergence of Legendre spectral collocation methods
for the Volterra delay-integro-differential equations with proportional (vanishing) delays. A vigorous
error analysis is provided which shows that both the errors of the approximated solutions and the
approximated derivatives decay exponentially in L? norm and L norm. Furthermore, we study
Jacobi spectral collocation methods for Volterra integro-differential equations with a weakly singular
kernel, which possesses smooth solutions. The spectral rate of convergence for the proposed method is
established in the L>°-norm and weighted L?-norm. In our theoretical analysis, the initial condition is
restated as an equivalent integral equation and all the integral terms are approximated by using Gauss
quadrature rules. Numerical results are presented to demonstrate the effectiveness of the proposed
methods.
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A High-Order Macro-Element Method

Dong Suchuan
Department of Mathematics, Purdue University, West Lafayette, IN 47907
Email: sdong@math.purdue.edu, URL: http://www.math.purdue.edu/~sdong/index.htm

Abstract: We discuss the construction of a set of eigen expansion bases for spectral elements, and
an extension of this construction to the space of piece-wise polynomials with global continuity. An
element employing the extended expansion basis conceptually corresponds to a collection of ordinary
spectral elements. But this macro-element approach results in smaller and better conditioned Schur-
complemented system matrix. We will compare the performance of this eigen-based macro-element

method and existing spectral-element bases with numerical examples.

Pseudospectral Method For Polygons

Guo Benyu * Jia Hongli **
*Depart. of Math., Shanghai Normal University, Guilin Rd. 100, 200234, Shanghai, P.R. China
Email: byguo@shnu.edu.cn
**Depart. of Math., Donghua University, 200065, Shanghai, P.R. China
Email: hjia@dhu.edu.cn

Abstract: In this talk, we investigate domain decomposition pseudospectral method for polygons.
We introduce a new Legendre-Gauss type interpolation on quadrilaterals and establish the basic
approximation results, which play important roles in pseudospectral method for partial differential
equations defined on quadrilaterals. As examples of applications, we propose pseudospectral method
for two model problems and prove their spectral accuracy. Numerical results demonstrate the efficiency
of suggested algorithms. We also develop a domain decomposition pseudospectral method for polygons
by using certain composite Legendre-Gauss type interpolations on the whole domains, and prove its
global spectral accuracy. Numerical results indicate its high accuracy too. The approximation results
and techniques developed in this paper are also applicable to other problems defined on non-rectangular

domains.

A parallel in time/spectral collocation method for the
Volterra integral equations of the second kind
Li Xianjuan
Hong Kong Baptist University

Email: xjli_math@yahoo.com.cn

Abstract: we consider the numerical solution for the Volterra integral equations (VIEs) of the
second kind with regular kernels. We propose a parallel in time (called also time parareal) method,
combined with a spectral collocation scheme for temporal discretizations of these equations. The
parallel in time method follows the same sprit as the domain decomposition that consists in breaking
the domain of computation into subdomains and solving iteratively the sub-problems over each sub-
domain in a parallel way using different processors. This parallel in time method is combined with
the spectral method for each sub-problem, leading to an algorithm of high accuracy. The convergence
analysis of the method is carried out. Some numerical tests are performed to confirm the theoretical

results.
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A New Spectral Method on Triangles by Using the Square-to-Triangle Mapping

Li Huiyuan (joint work with LiLian Wang & Michael Daniel Samson)
Lab. of Parallel Computing Institute of Software Chinese Academy of Sciences,
Beijing, 100190, China

Abstract: In this talk, a new square-to-triangle mapping

r=(1+B-n)/8, y=0B-A+n)/8, V(&n) e[-1L1],

is introduced, which pulls one edge of the triangle to two adjacent edges of the reference rectangle.

This square-to-triangle mapping is essentially the symmetry mapping
F=E+i §=E,

which reveals the mystery of the first example for multivariate Gaussian quadratures. Besides, this
mapping possesses the same properties as the following Gordon-Hall square-to-disk mapping for spec-

tral methods in a disk.

r=E6/1-122, y=n/1-€/2, V(&n)€[-1,1]

In contrast with the collapsed mapping, such a mapping is one-to-one, and leads to a more reason-
able distribution of quadrature points on the triangle. Most importantly, it allows an efficient design
of spectral schemes on the triangle by direct using of the fully tensorial nodal Lagrange polynomial
basis on the reference rectangle with a slight modification. We present the effective implementation

of the new spectral method in detail and then study its discuss its error analysis.

Spectral element methods for elliptic equations on polygon or polyhedron domains
Ma Heping
Department of Mathematics, Shanghai University
Email: hpma@shu.edu.cn.

Abstract: Spectral element methods are applied to linear elliptic equations on polygon or poly-
hedron domains. The methods are based, respectively, on the recently presented triangle-to-rectangle
or tetrahedron-to-cube mappings, which lead to more reasonable grid distributions than the collapsed
transform. Some properties of the corresponding approximation spaces are studied. Numerical exam-

ples confirm the efficiency of the proposed methods.

Efficient and Stable Spectral Methods for Scoustic and Electromagnetic scattering

Shen Jie
Department of Mathematics, Purdue University, West Lafayette, IN 47907
Email: shen7@purdue.edu, URL: http://www.math.purdue.edu/~shen

Abstract: FENE Dumbbell model is one of the most simple mathematical models that predict
basic properties of Non-Newtonian Fluids. However the dynamics of FENE dumbbell fluids are
described by a high-dimensional Fokker—Planck equation which needs very fast computer to simulate.

Most of the existing numerical algorithms involve factorization of a non-sparse matrix thus are not

12
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suitable for discretizations with large degree of freedom. In this talk, we will present a fast spectral
Galerkin method using real Fourier series and Jacobi polynomials as bases. This new algorithm has
several virtues: 1. The Galerkin approximation bases on a proper weighted weak formulation, in
which the numerical moments have spectral accuracy; 2. The numerical approximation leads to linear
sparse (banded indeed) system, thus can be solved with linear computational cost; 3. The numerical
algorithm can be easily extended to solve the Fokker—Planck equation arising in non-homogeneous

systems, or the Navier—Stokes Fokker—Planck coupled system.

A Spectral IPDG Method for The Helmholtz Equation
Song Lunji
Department of Mathematics, Lanzhou University, Lanzhou 730000, China
Email: lodgeslg@hotmail.com

Abstract: In this paper, we propose an iterative approach to localize the global DtN boundary
condition, and provide sufficient conditions for its convergence together with some numerical justi-
fications. For the spatial discretization, a p-type interior penalty discontinuous Galerkin (p-IPDG)
method is proposed. Stability and a priori error estimates of this method are analyzed. Numerical
results are presented to show that the p-IPDG is efficient. we find that the penalty along the normal

direction will be sufficient in our method, rather than additional penalty in the tangential direction.

Pseudospectral simulations of nano-optics induced by Ag nano-particles

Teng Chunhao
Department of Applied Mathematics Center of Mathematical Modeling and Scientific Computing,
National Chiao Tung University, Hsinchu Taiwan 30010
Email: tengch@math.nctu.edu.tw, chunhao.teng@gmail.com
URL: http://www.math.nctu.edu.tw/faculty/e_faculty_content.php?S ID=59&SC ID=1

Abstract: In this talk we will present time-domain pseudospectral simulations of induced optical
fields of Ag nano-particles excited by external light waves. The physics and applications of the particles
systems are first discussed. We then present the mathematical formulation of the problem and the
computational framework for simulating the dynamics of nano-optics induced by the Ag particles
systems. Numerical validations of the method and the physical meaning of the simulation results will

be illustrated and discussed.

Some new perspectives on spectral approximations and time-domain wave scattering
Wang Lilian
School of Physical & Mathematical Sciences, Nanyang Technological University, Singapore
Email: Lilian@ntu.edu.sg, URL: http://www.ntu.edu.sg/home/lilian

Abstract: In this talk, we shall present some sharp estimate on Jacobi polynomial approximations
of smooth functions, and new results on the spectral differentiations of analytic functions based on
Gegenbauer-Gauss-type collocation points. Moreover, we shall introduce an efficient spectral solver

for time-domain wave scattering with exact transparent boundary conditions.

13
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Composite Laguerre-Legendre Spectral Method for Fourth-oder Exterior Problems
Wang Tianjun
Henan University of Science and Technology, Luoyang, 471003
Email: wangtianjun64@163.com, URL: http://math.haust.edu.cn/info/teacher/wangtianjun.htm

Abstract: In this talk, we propose the composite Laguerre-Legendre spectral method for fourth-
order exterior problems. Some results on the composite Laguerre-Legendre approximation, which is
a set of piecewise mixed approximations coupled with domain decomposition, are established. These
results play important roles in designing and analyzing the related spectral methods for fourth-order
exterior problems with polygon obstacles. As examples of important applications, the composite
spectral schemes are provided for two model problems. The convergence of suggested schemes are
proved. Efficient algorithms are implemented. Numerical results demonstrate the spectral accuracy
in the space of this new approach, and confirm the theoretical analysis well. The approximation
results and techniques developed in this paper are also applicable to many other problems defined on

unbounded domains, especially for exterior problems.

Convergence analysis of spectral Galerkin methods
for Volterra type integral equations
Xie Ziqing
College of Mathematics and Computer Science,
Hunan Normal University, Changsha, Hunan 410081, China

Email: zqxie01@hotmail.com

Abstract: This work is to provide spectral and pseudo-spectral Jacobi-Galerkin approaches for
the second kind Volterra integral equation. The Gauss-Legendre quad-rature formula is used to
approximate the integral operator and the inner product based on the Jacobi weight is implemented
in the weak formulation in the numerical implementation. For some spectral and pseudo-spectral
Jacobi-Galerkin methods, a rigorous error analysis in both L* and Liaﬁ norms is given provided
that both the kernel function and the source function are sufficiently smooth. Under some further
assumptions on the kernel function and the source function, a super-geometric convergence is justified

theoretically. Numerical experiments validate the theoretical prediction.

The h-p version of the FEM for elliptic problems
with nonhomogeneous Dirichlet boundary conditions
Guo Bengqi®, Yi Lijun®
¢ Department of Mathematics, University of Manitoba, Winnipeg, MB R3T 2N2, Canada
Email: guo@cc.umanitoba.ca, URL: http://home.cc.umanitoba.ca/~guo/
b Department of Mathematics, Shanghai Normal University, Guilin Rd. 100, 200234, Shanghai, China
Email: ylj5152@shnu.edu.cn

Abstract: Based on the local Jacobi operators, we consider the h-p version of the finite element
method for second order elliptic problems with nonhomogeneous Dirichlet boundary conditions on
polygonal domains, the optimal rate of the convergence in h and p for both smooth solutions and

singular solutions are proved.

14
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Generalized Jacobi Rational Spectral Method and Its Applications

Yi Yonggang (Joint with Guo Benyu)
Department of Basic Courses, Tianhua College, Shanghai Normal University, Shanghai 201805, China
Email: yonggangyi@163.com

Abstract: In this talk, We introduce an orthogonal system on the whole line, induced by the
generalized Jacobi functions. Some results on the generalized Jacobi rational approximation are
established, which play important roles in the related spectral methods. As examples of applications,
the rational spectral schemes are proposed for sine-Gordon, Klein-Gordon and Fisher equations, with

the convergence analysis. Numerical results demonstrate their efficiency.

Efficient Numerical Methods for the Kinetic Equation of FENE Dumbbell Fluids

Yu Haijun (joint work with Shen Jie)
LSEC & Institute of Computational Mathematics, AMSS, CAS
No. 55 Zhongguancun Donglu, Beijing 100190, China
Email: hyu@lsec.cc.ac.cn, URL: http://lsec.cc.ac.cn/~hyu

Abstract: FENE Dumbbell model is one of the most simple mathematical models that predict
basic properties of Non-Newtonian Fluids. However the dynamics of FENE dumbbell fluids are
described by a high-dimensional Fokker—Planck equation which needs very fast computer to simulate.
Most of the existing numerical algorithms involve factorization of a non-sparse matrix thus are not
suitable for discretizations with large degree of freedom. In this talk, we will present a fast spectral
Galerkin method using real Fourier series and Jacobi polynomials as bases. This new algorithm has
several virtues: 1. The Galerkin approximation bases on a proper weighted weak formulation, in
which the numerical moments have spectral accuracy; 2. The numerical approximation leads to linear
sparse (banded indeed) system, thus can be solved with linear computational cost; 3. The numerical
algorithm can be easily extended to solve the Fokker—Planck equation arising in non-homogeneous

systems, or the Navier—Stokes Fokker—Planck coupled system.

Alternating Direction Implicit Legendre Spectral Element Methods

for Schrédinger Equations

Zeng Fanhai
Department of Mathematics, Shanghai University

Email: fanhaiz@shu.edu.cn.

Abstract: An alternating direction implicit (ADI) Legendre spectral element method for the two
dimensional linear(nonlinear) Schrodinger equation is developed, and the optimal H'! error estimate
for the linear case is derived. This method can convert the two dimensional computation to several one
dimensional ones, and the domain decomposition method is applied to deal with one dimensional prob-
lems further to reduce the size of the one dimensional problems. The main advantage of this method
rests with its highly parallel computing, and the storage is reduced. By choosing appropriate base
functions, strip sparse matrices are derived. Various numerical experiments are conducted to confirm
the validity of the method by comparison. Keywords: alternating direction implicit method(ADI),

Shrodinger equation, spectral element method, domain decomposition method.
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Generalized Laguerre Quasi-orthogonal Approximation And Applications To
Petrov Galerkin Spectral Method With Essential Imposition Of Mixed Boundary
Conditions For High Order Problems

Guo Benyu *  Zhang Chao **
*Depart. of Math., Shanghai Normal University, Guilin Rd. 100, 200234, Shanghai, P.R. China
Email: byguo@shnu.edu.cn
**School of Mathematical Sciences, Xuzhou Normal University, Xuzhou, 221116
Email: zcxz1977@Q163.com

Abstract: we introduce the generalized Laguerre functions which are mutually orthogonal with
the weight 2%e~%% where « is any real number and # > 0. The corresponding orthogonal approx-
imation, quasi-orthogonal approximation and Laguerre-Gauss-Radau interpolation are investigated.
A series of approximation results are established, which play important roles in numerical solutions
of high order differential equations. In particular, they serve as some basic tools in Petrov-Galerkin
spectral and collocation methods with essential imposition of mixed boundary conditions. As ex-
amples of applications, we propose the Petrov-Galerkin spectral schemes for two model problems of
fourth order, with error analysis. Numerical results demonstrate their high accuracy. The suggested

methods also work well for solutions which oscillate seriously and grow up at infinity.

Spectral Collocation Methods for Hamiltonian Dynamical Systems

Zhang Zhimin
Department of Mathematics, Wayne State University, Detroit, MI 48202
Email: zzhang@math.wayne.edu, URL: http://www.math.wayne.edu/~zzhang/

Abstract: Numerical approximation of the Hamiltonian dynamical system has been research focus
for a long time. Geometric integrators are popular among researchers in the field. One of the most
successful methods is the symplectic method invented by Professor Feng, Kang. Recently, the spectral
method and spectral collocation method have been used to solve Hamilton systems and demonstrated
some promising features. In this talk, we will introduce several versions of the spectral type methods

and make a sysmatic comparison with the symplectic method.
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